A set of 2D steady state finite element numerical simulations of electromagnetic fields, eddy currents distribution and induction heating pattern has been done for different thicknesses of a metal workpiece. Comparison between the calculation results show the importance of workpiece thickness on induction heating process including electromagnetic field distribution, eddy currents pattern, heating structure and coil efficiency.
Introduction
Radio frequency induction heating is the process of heating an electrically conducting material (usually a metal) by electromagnetic induction, where eddy currents are generated within the workpiece and resistance leads to Joulean heating (I 2 R) of the material in the form of temporal and spatial volumetric heating. Since induction heating is a non-contact process, the heating process does not contaminate the material being heated. Because the power goes directly into the heated metal, the process is clean, fast, repeatable, relatively efficient, and allows automatic control. This can be contrasted with other heating methods where heat is generated in a flame or heating element, which is then applied to the workpiece. For these reasons induction heating leads itself to some unique applications in industry and material processing.
An induction heating installation has three important parts: the electrical power source for generation of high-frequency energy, the work coil (RF-coil) and the workpiece (metallic material) where the final transfer of the electrical energy into required heat is occurred. The RF-coil must establish suitable electromagnetic flux lines in the workpiece and this field must be powerful enough to do the job such as joining, treating, heating and testing. The frequency of alternative electrical current used depends on the object size, material type, penetration depth and coupling between the work coil and the object to be heated. In this aspect, the amount of induced eddy currents and power as well as their spatial distribution in the workpiece are the major parameters to be determined. Understanding the physics of these properties is quite crucial and important when designing induction heating systems.
Mathematical modelling combined with computer simulation is a powerful tool for induction heating design and optimization, induction coil design, equipment selection, as well as education and business presentations. The traditional approaches to induction heating system development were based on a pure "trial and error" method. These traditional methods for induction coil and process design were time consuming and expensive due to having to manufacture and modify several inductors. These methods were also limited in applied cases and could not provide the developer with a good understanding of what is going on in a given induction heating system or information on why a given induction system worked or did not work properly. Today, more and more induction heating designers are shifting their development process from traditional empirical methods to computer simulation or a combination of both. Computer simulation provides induction process designers with a wealth of information on the system dynamics. It also can be used to explain, demonstrate and predict the process sensitivity to changes of an induction system. The early mathematical models of induction heating involved closed form analytical expressions [1] [2] [3] [4] [5] . The extensive majority of induction heating have been modeled using the finite difference method (FDM) [6] [7] [8] , the finite element method (FEM) [9] [10] [11] [12] [13] [14] [15] [16] , the boundary element method (BEM) [17] [18] [19] , the hybrid FEM-BEM method [20] [21] [22] [23] and the impedance boundary condition (IBC) [24] [25] [26] [27] [28] [29] . Over the past 30 years, the numerical treatment of induction processes has developed to the point where, today, there are numerous software packages available commercially, some of which include capabilities to treat complex problems in which electromagnetic fields are coupled to material properties, thermal process, and mechanical deformations.
In this article, we try to investigate the effects of workpiece thickness on the strength and distribution of the electromagnetic fields, eddy currents and heat generation in the setup. To do it, different thicknesses of a cylindrical steel workpiece (i.e. tiny, thin and thick) are considered corresponding to real applications of the RF-heating system.
Mathematical model

Governing equations
For calculating an electromagnetic field it is necessary to solve Maxwell's equations [30] [31] [32] . In order to solve these equations for our purpose, we have to make several assumptions: (1) the system is rotationally symmetric about the z-axis, i.e., all quantities are independent of the azimuthal coordinate φ, (2) all materials are isotropic, non-magnetic and have no net electric charge, (3) the displacement current is neglected, (4) the distribution of electrical current (also voltage) in the RF-coil is uniform, (5) the self-inductance effect in the RF-coil is taken into account, (6) the currents (impressed and induced) have a steady state quality and as a result the electromagnetic field quantities are harmonically oscillating functions with a fixed single frequency.
Under these assumptions, Maxwell's equations in differential form and in the "mks" units (meter-kilogram-second-coulomb) can be written as:
where E is the electric field intensity, B is the magnetic flux density, J is the free charge current density, µ is the magnetic permeability and σ is the electrical conductivity of the medium, which is a non-zero value only in metallic parts. Introducing the vector potential A as
and assuming axi-symmetric condition, we can transform Eqs. (2.1)-(2.5) into a simple scalar equation [33, 34] ∂ ∂r
in which Ψ B is the magnetic stream function defined by Ψ B (r,z,t) ≡rA φ (r,z,t), where A φ is the azimuthal component of A and (r,φ,z) is the cylindrical coordinates. In other words, we assume that all currents (driving and induced) flow only in the azimuthal direction both in the coil and the workpiece. If we include the self-inductance effect in the induction coil as eddy currents represented by J e = −(σ co /r)(∂Ψ B /∂t), then
∂Ψ B ∂t driving and eddy currents in the coil,
∂Ψ B ∂t eddy currents in the workpiece,
where σ co and σ w are the electrical conductivity of the RF-coil and workpiece, respectively. Setting J d = J 0 cosωt as the driving current in the coil we can find a solution of the form
where C(r,z) is the in-phase component and S(r,z) is the out-of-phase component of the solution. Now the coupled set of elliptic PDE's for C(r,z) and S(r,z) is:
After solving (2.10) and (2.11) for C(r,z) and S(r,z), the eddy currents distribution and the energy dissipation rate can be computed via
Thus, the power is generated in all metallic parts (including RF-coil) as a function of 2ω. The period for this time-dependence is τ = 2π/ω = 10 −4 s for a 10 kHz induction system. Since the time-harmonic function is so short, representation of the heat generation by the time averaged quantity is more useful, which we average over one period to obtain the volumetric heat generation rate,
(2.14)
The boundary conditions are Ψ B = 0; both in the far field (r,z → ∞) and at the axis of symmetry (r = 0).
The involved partial differential equations require using a numerical discretization method to solve them. The calculation of the fundamental equations with boundary conditions has been made with 2D finite element method. After solving the set of equations we can obtain the electromagnetic field and eddy currents distribution as well as the power densities in all parts of the studied system. 
The calculation conditions
Values of electrical conductivity employed for our calculations are presented in Table  1 and operating parameters are listed in Table 2 . We consider the following setup: A right cylindrical conductor load (i.e. steel workpiece) in the direction of Oz (i.e. Oz is the centerline). This workpiece is surrounded by a multiturn cylindrical induction coil with 6 hollow rectangular-shaped copper turns, Fig. 1 . In a real induction system this coil is usually cooled very efficiently by water flowing inside the coil turns. Therefore it is realistic to assume that the coil is always at room temperature. We assume a total voltage of the coil V coil = 200 v with a frequency of 10 kHz. The driving current density in the induction coil is calculated by J 0 = σ co V coil /(2πR co N), where R co is the mean value of the coil radius and N is the number of coil turns. For the magnetic permeability (µ) we assume that it is everywhere the constant value of free space µ = µ r µ 0 ≃ µ 0 (i.e. µ r ≃1) where µ r is the relative magnetic permeability. The quantity δ w = (2/µ w σ w ω) 1/2 has the dimension of a length and is called the skin depth (or penetration depth). It is a measure of the field penetration depth into the conductors. In our calculation the corresponding skin depth of the steel workpiece is δ w = 2.5 mm. For the metal workpiece, different thicknesses are considered compared to corresponding skin depth, tiny (l w = 2 mm < δ w ), thin (l w = 5 mm < 3δ w ) and thick (l w = 10 and 55 mm > 3δ w ). It should be mentioned here that since induction heating is a very complicated process, we can not expect accurate simulation of the whole chain of coupled phenomena -electromagnetic, thermal, mechanical, hydrodynamic and metallurgical -during a heating process. The most important and controllable process is electromagnetic which is analyzed here.
The results based on this set of parameters will be presented now.
Results and discussion
We explain the results of induced electromagnetic fields, eddy currents distribution and power pattern in a RF-heating setup including an induction coil and a cylindrical workpiece with different thicknesses (l w = 2,5,10,55 mm) and unique hight. 
Electromagnetic field distribution
The starting point for our study is a tiny sample cylindrical workpiece with a 2 mm thickness. Fig. 2 shows the distribution of in-phase component (right hand side) and outof-phase component (left hand side) of the magnetic stream function for this case. The maximum of in-phase component (C) is located at the lowest and top edges of the RF-coil (C max =3.0×10 −6 weber) while the minimum (C min =−3.30×10 −6 weber) is located on the middle of the outer surface of workpiece. For the out-of-phase component (S), the maximum is located at the outer surfaces of the induction coil turns (S max = 9.0×10 −5 weber) and its distribution has a linear gradient in the space between the coil and the workpiece. The workpiece tends to force the electromagnetic field components out of its body and makes them more intense in the space between the workpiece and the coil compared to other places.
It is interesting to note that both components are quite small and also |S/C| ∼1 in the workpiece where the required heat generation occurs. As a result, both components take part in the required heat generation equally, according to Eq. (2.14).
Figs. 3-5 illustrate the spatial distribution of in-phase and out-of-phase components of the magnetic stream function for the cases of l w =5,10 and 55 mm workpiece thickness, respectively. Some interesting advantages are,
• Although the distribution and intensity of the S-field component is clearly similar in all cases but this is not true for the C-field component. The C-field intensity vanishes rapidly in the workpiece area with increasing its thickness (l w ), i.e., the C-field intensity has a large gradient in the thick workpieces. On the other side, although C max remains approximately constant but |C min | decreases with increasing the workpiece thickness.
• Deformation and distortion of the C-component in the area close to the top and bottom edges of the workpiece and RF-coil is particularly evident for all cases (edge effect). This distortion is stronger for the workpiece corners in the case of l w = 2 mm (tiny workpiece).
• Distribution of the in-phase component (C) depends on the geometry of both induction coil and workpiece, while the out-of-phase component (S) mainly depends on the configuration of RF-coil where the driving current is produced. • It is seen that the distributions of both components have a damped wave shape which is a result of propagation of electromagnetic wave in the conductor workpiece [35] , Fig. 7 .
Eddy currents distribution
• Both components are always in the opposite direction to the driving current J 0 (because J C < 0 and J S < 0) on the outer surface of the workpiece side wall.
• location. In the cases of tiny and thin workpieces (i.e. l w < 3δ w ) it is located on the inner surface and close to the ends because of intense edge effect compared to thick workpieces. With increasing workpiece thickness, its position is moved to the middle part and a distance of ≈ 2.5δ w from the outer surface.
• With increasing the workpiece thickness, J C increases and reaches a constant value in thick workpieces. For J S , although J min S is approximately constant but J max S decreases with increasing workpiece thickness and becomes constant for l w > 2δ w .
• For thick workpiece (i.e. the case of l w = 55 mm), all effective eddy currents are located in a distance of ≈ 6δ w from the outer side wall surface and as a result no current in the inner portion. 
. The up shows the in-phase component (J C ) and the down shows the out-of-phase component (J S ).
• In most publications devoted to induction heating and induction heat treating [30] [31] [32] , distribution of eddy current densities along the workpiece thickness is simplified and introduced as being always exponentially decreasing from the surface into the workpiece. This assumption can only be used in induction heating calculations for the purpose of rough engineering estimations. For the cases considered here, the currents density distribution along the radius/thickness has a wave-shaped form (except for tiny workpiece), which is significantly different from the classical exponential distribution. The maximum current density is located at the outer surface. Then the current density decreases toward the core and once it reaches a certain distance from the surface (≈ 2.5δ w ), the current density starts to increase in opposite direction and after reaching a maximum it starts to decrease again.
Heating pattern
The volumetric heat generation rate (q) in the workpiece has been shown for all cases in Fig. 8 . The power intensity is at its maximum value at the middle portion of the outer surface of the workpiece wall (where the J min C and J min S are located) and falls off about exponentially inward. The outer surface to core heating difference is a result of the skin effect (the phenomena of nonuniform induced alternative current distribution within the conductor cross section) [30] [31] [32] . The most important features are:
• The appearance of varies heating patterns is caused directly by difference in the eddy currents distribution in the workpiece.
• The spatial distribution of heat generation in the induction coil is mostly uniform with local "hot spots" (highly heated areas) at the lowest and upper edges. The skin effect and proximity effect (the effect on current distribution in a conductor when another conductor is placed nearby) are responsible for these hot spots. Since the currents (driving and induced) have the same direction in the coil turns, the eddy currents will be concentrated on opposite side of the induction coil (i.e., the top and lowest surfaces).
• With increasing the workpiece thickness the total heat generation in the workpiece as well as the RF-coil decreases. In other words, the total power generation in the system reduces in thick workpieces. It is worthy to mention that with reduction of total heat generation of the system the coil efficiency (i.e. the part of the energy delivered to the coil that is transferred to the workpiece) decreases too. • There are relatively hot spots at the top and bottom corners of the workpiece which are a direct result of edge effect and distortion of electromagnetic filed in those areas, Fig. 9 .
Detail information about the heat generated in the system, calculated for different workpiece thicknesses have been shown in Table 3 . 
Conclusions
To study the dependence of electromagnetic distribution, eddy currents density and heating pattern on the workpiece thickness, a set of numerical computations was performed.
From the obtained results we can conclude:
• The spatial structure of electromagnetic field is a complex function of the workpiece and the RF-coil geometry.
• The eddy currents distribution within the workpiece and RF-coil is not uniform. This current nonuniformity causes a nonuniform heating pattern in the workpiece which in turn leads to a nonuniform temperature profile in the workpiece.
• The induced eddy currents within the workpiece are mostly oriented in the opposite direction of the coil driving current. The maximum value of this opposite currents (J min C and J min S ) are always located on the outer surface of the workpiece side wall and decrease toward the core as a damped wave-shaped form. After this surface layer (∼ 2.5δ w ) of the workpiece there is an relatively weak eddy current in the same direction of the coil source current. There is no current flow at the center area of the thick workpieces.
• Because the current densities are concentrated in the external areas of workpiece, the resulting heating density is mainly produced in those areas (external heating) and the internal heating (core heating) will be considerably weak for the operating frequency considered here.
